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Abstract - -Convex and concave fuzzy mappings are considered in this paper. Based on the 
seminal work of Nanda and Kar on the definition of convex fuzzy mapping, the operations of convex 
fuzzy mapping are established. Some of the important concepts uch as positively homogeneous, 
infimal convolution, right scalar multiplication, and convex hull are introduced and the corresponding 
theorems are demonstrated by using the parametric representation f fuzzy numbers. (~) 2006 Else- 
vier Ltd. All rights reserved. 
Keywords- -Convex fuzzy mappings, Positively homogeneous fuzzy mappings, Infimal convolu- 
tion of convex fuzzy mappings, Convex hull of convex fuzzy mappings. 
1, INTRODUCTION 
In 1992, Nanda and Kar [1] introduced and discussed the concepts of convex fuzzy mappings from 
a vector over the field R into F0 (where F0 denotes the set of all fuzzy numbers), and established 
criteria for convex fuzzy mappings. In 1998, Li [2] discussed the basic properties of b-vex fuzzy 
mapping and established the necessary and sufficient conditions for b-vex fuzzy mapping. Sev- 
eral important results were given for nonlinear fuzzy optimization problems assuming that the 
objective and constraint functions are b-vex fuzzy mappings. In 1999, Syau [3] established two 
characterizations for convex fuzzy mappings. Several other investigators [4-10] also proposed and 
studied different ypes of convexity and generalized convexity fuzzy mappings. However, very few 
investigations have appeared to study the operations of convex fuzzy mappings. Therefore, in 
this paper, we investigate the operations of convex fuzzy mappings and introduce the concepts of 
infimal convolution, right scalar multiplication, and convex hull. The concept of positively homo- 
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geneous fuzzy mapping, which can provide the basis for the theory of fuzzy extremum problems, 
is also introduced. 
In Section 2, some preparatory expositions on the fuzzy numbers are given. A summary of 
convex fuzzy mappings based on earlier works is provided in Section 3. In Section 4, the notion of 
positively homogeneous fuzzy mapping is presented, and the corresponding theorems are given. 
In Section 5, we introduce the operations of convex fuzzy mappings based on the fact that the 
infimum (supremum) must exist in the bounded set of fuzzy numbers (see [9]). In this paper, we 
assume that the infimum (supremum) of the set of fuzzy numbers is a fuzzy number. 
2. PREL IMINARIES  
Let R denote the set of all real numbers. In this paper, a fuzzy number (see [11]) will be a 
fuzzy set u : R --* [0, 1], and has the following properties: 
(1) u is upper semicontinuous; 
(2) u is normal, i.e., there exists an x0 E R, with u(xo) = 1; 
(3) u is fuzzy convex, i.e., u((1 -A )x+Ay)  > min{u(x), u(y)} whenever x, y E R and A E I0, ll; 
(4) cl(supp u) = cl{x E R : u(x) > 0} is a compact set. 
The family of all fuzzy numbers will be denoted by To. Obviously, the oMevel sets of a fuzzy 
number u E F0 is the closed interval 
{ {xER:u(x )>~},  i f0<:a<l ,  
[u.(~),u*(a)] --- [u]~ = cl(supp u), if a = 0. 
THEOREM 2.1. (See representation theorem in [12].) If  u E F0, then u.(r) and u*(r) are functions 
on [0, 1[ satisfying Conditions (1)-(4): 
(1) u.(r) is a nondecreasing function on [0, 1]; 
(2) u*(r) is a nonincreasing function on [0, 1]; 
(3) u.(r) and u*(r) are bounded and left continuous on (0,1], and right continuous at r -- 0; 
(4) u, (1 )  < u'(1).  
Conversely, if functions u. (r) and u* (r) on [0, 1] satisfy Conditions (1)--(4), then there exist 
a unique E ro such that = e [0, 11). 
THEOREM 2.2. (See [13].) Let {[a(a), b(o0] } (0 < a < 1) be a given family ofnonempty closed 
and bounded intervals of R such that 
(1) [a(c~2), b(a2)] C [a(al),  b(al)], for all 0 < al <_ a2; 
(2) for any nondecreasing sequence {ok} C [0, 1] converging to a, 
oo  
b( )t = N [a(ak), 
k=l  
Then the family [a(a), b(a)] represents the a-level sets of a fuzzy number u E F0. 
Conversely, if [a(c~), b(a)], 0 < a < 1, are the a-level sets os a fuzzy number u E Fo, then (1) 
and (2) are satisfied. 
Since each a ~ R can be considered as a fuzzy number 5 defined by 
1, t=a ,  
5 ( t )= O, tea ,  
R can be embedded in Fo. 
From Theorems 2.1 and 2.2, we see that a fuzzy number u E F0 is determined by the endpoints 
of the interval [u]a. Thus, we can identify a fuzzy number u with the parameterized triples 
{(u . (a ) ,u* (oO;a)  : c~ E [0, 1]}, 
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where u. (a) and u*(a) denote the left-hand and the right-hand endpoints of [u]~, respectively. 
Suppose that  u,v  e Fo are fuzzy numbers represented by {(u . (a ) ,u* (a) ,a )  : a 9 [0,1]} and 
{(v . (a ) ,v* (a) ,a )  : a 9 [0, 1]}, respectively. Define a part ial  ordering _< in F0 by u _< v, if and 
only if [u]x _< [v]x for any A 9 [0, 1], i.e., 
u.(~) < v.(~), u*(~) < v*(~). 
We say that  u < v, if u _< v and there exists A0 E [0, 1] such that  
u.(~o) < v.(~0) or u'(~o) < v*(~o)- 
We say that u = v, if u < v and u _> v. It is often convenient to write v _> u (respectively, 
v > u) in place of u < v (respectively, u < v). 
A subset S of F0 is said to be bounded from above if there exists a fuzzy number v 9 F0, called 
an upper bound of S, such that u < v for any u E F0. v0 9 Fo is called the supremum of S if it 
satisfies vo _< v for any upper bound v of S, and we denote it as ve = sup~eA u. A lower bound 
and the infimum of S are defined similarly. S is said to be order bounded if it is bounded both 
from above and from below. 
A linear structure in F0 is defined as the following operations: 
(u + v)(x) = sup min{u(y) ,v(z)},  
y+z=x 
u(k - ]x ) ,  if k 7~ O, 
(ku)(x) = 0, if k = 0, 
for u, v 9 Fo, k C R. 
For fuzzy numbers u,v 9 Fo represented by {(u.(c~),u*(c~),c~) : c~ 9 [0,1]} and {(v.(a) ,  
v*(c~), a) : c~ 9 [0, 1]}, respectively, the above addit ion and scalar multipl ication can be reduced 
to the following: 
u+v = {(u,(a) +v . (a ) ,u* (a )  +v*(a) ,a )  : a 9 [0, 1]} , 
{ {(ku.(o~),ku*(ct),oO:o~ 9 [0,1]}, k :>0,  
ku= {(ku* (a ) ,ku . (a ) ,a )  a 9  1]}, k<0.  
Using the above definitions, it is not difficult to prove the following results. 
LEMMA 2.1. I f  a, b,c,d 9 Fo, then 
(1) a<bv*a+c<b+c;  
(2) a <_ b ~ ka < kb, pa >_ #b, (k >> O, # < O); 
(3) a <_ b r -a  > -b; 
(4) a<_b,c<_d=~a+c<_b+d,a<b,c<_d=~a+c<b+d;  
(5) b=ce=~a+b=a+c;  
(6) a<_b,c<d,a+c=b+d=~a=b,c=d.  
3. CONVEX FUZZY MAPP INGS 
Let S be a nonempty set in R n (denoted by E),  a mapping f : S ~ Fo is said to be a fuzzy 
mapping. The epigraph of f ,  denoted by epi f ,  is a subset of E • F0 defined by 
ep i f  = {(z ,u ) :  x 9 S, u 9 F0, u _> f (x)}.  
The hypograph of f ,  denoted by hyp f ,  is a subset of E • F0 defined by 
hypf  = {(x,u) :x  e S, u 9 F0, u _< f(x)}.  
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The lower-level set of f ,  denoted by S~(f), is a subset of E defined by 
s~(f) = (x 9 s :  f(x) < u} (u 9 Fo). 
The upper-level set of f ,  denoted by S~(f),  is a subset of E defined by 
SU(f)  = {x 9 S :  f (x )  > u} (u 6 Fo). 
A subset C of E is said to be convex if (1 - A )x+ Ay 9 C whenever x 9 C, y 9 C, and 
0 < A < 1. We define f to be a convex fuzzy mapping on S if epi f is convex as a subset of E x F0 
~nd, equivalently, f is a concave fuzzy mapping on S if hyp f is convex as a subset of E x F0. 
THEOREM 3.1. (See [3].) Let C be a convex subset in E and f : C --* Fo be a fuzzy mapping, 
then the following statements are equivalent. 
(I) f : C -~ Fo is a convex fuzzy mapping; 
(2) ep i /  is a convex subset o re  x Fo; 
(3) /((1 - A)x + Ay) _~ (1 - A)f(x) + Af(y), A 9 [0, 1], for ever)" z and y in C; 
(4) f((1 - A)x + Ay) < (1 - A)u + Av, A 9 (0, 1), whenever f (x )  < u, f (y )  < v, x ,y  9 C, 
u ,v  E Fo; 
(5) {(x,u) : x 9 C, u 9 F0, u < f(x)} is a convex subset o rE  x Fo. 
Similarly, see the following. 
THEOREM 3.2. (See [3].) Let C be a convex subset in E and f : C ~ Fo be a fuzzy mapping, 
then the following statements are equivalent. 
(1) f : C -* Fo is a concave fuzzy mapping; 
(2) hypf  is a convex subset of  E x Fo; 
(3) f((1 - A)x § Ay) >_ (1 - A)f(x) § Af(y), A 9 [0, 1], for every x and y in C; 
(4) f((1 - h )x+ Ay) > (1 -  A )u+Av,  A 9 (0,1), whenever f (x )  > u, f (y )  > v, x ,y  9 C, 
u, v 9 Fo; 
(5) {(X,U) : X E C, u 9 Fo, u > f(x)} is a convex subset o rE  x Fo. 
Using the parametric representation of fuzzy numbers, a fuzzy mapping f (x )  can be written 
as follows: 
f (x )  = {(f(z) . (r) , f (z)*(r) ,r) :r  9 [0, 1]}. 
THEOREM 3.3. Let C be a convex subset in E and f : C --~ Fo be a convex fuzzy mapping, 
then Su( f )  is a convex subset in E. 
PROOF. Letx ,  y  9  f (x )  <Hand f (y )  <u.  Let r  9 [0,1]. Then 
f (x ) . ( r )  <u. ( r ) ,  f (x)* ( r )  ~u*( r ) ,  f (y ) . ( r )  ~_u.(r),  f (y)* ( r )  <u*(r ) .  
According to Theorem 3.1 
/ ( (1  - A )x  + Ay) < (1 - A)f(x) + Af(y) 
= (1 - A) {( f (z ) . ( r ) , f (x )* ( r ) , r ) : r  9 [0, 1]} 
+ A {( f (y ) . ( r ) ,  f (y )* ( r ) , r ) : r  9 [0, 11} 
= {((1 - A) f (x ) . ( r ) , (1  - A ) f (x )* ( r ) , r ) : r  9 [0, 1]} 
+ {(Af (y ) , ( r ) ,  Af(y)*(r), r ) : r  9 [0, 1]} 
< {((1 - A)u.(r), (1 - A)u*( r ) , r ) : r  9 [0, 1]} 
+ {(Au . ( r ) ,Au* ( r ) , r ) : r  9 [0,1]} 
= {(u . ( r ) ,~*( r ) , r )  : r 9 [0, I1} = ~. 
Hence, (1 - A)x + Ay 9 Su( f ) ,  that is, Su( f )  is convex. 
NOTE. The converse of the above theorem is not true in general (see [14]). Although Theorem 3.3 
was proved by Nanda and Kay in [1], the inequality f (y )  ~ f (x )  was assumed in the proof of 
Theorem 4.4 in [1]; this is not reasonable since (F0, _<) is a partial ordering set. This paper offers 
the correct proof. 
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COROLLARY. Let C be a convex subset in E and f : C ---* Fo be a convex fuzzy mapping, 
then Su( f )  
{x 9 S :  f (x )  < u} (u 9 Fo) 
is a convex subset in E. 
Similarly, see the following. 
THEOREM 3.4. Let C be a convex subset in E and f : C --* Fo be a concave fuzzy mapping, 
then S~( f )  and (x 9 S : f (x )  > u} (u 9 Fo) are convex subsets in E. 
THEOREM 3.5. (See [15].) Let C be a convex subset in E and f : C ~ Fo be a fuzzy mapping, 
then f is convex (respectively, concave) if and only if f (x ) . ( r )  and f (x)*(r )  are all convex 
(respectively, concave) functions of x for any fixed r E [0, 1]. 
THEOREM 3.6. (Jensen's inequality.) Let C be a convex subset in E and f : C --* Fo be a fuzzy 
mapping, then f is convex (respectively, concave) if and only if 
f (A lx l  + A2x2 + ' "  + Amxm) _< (respectively, >_)Al f (x l )  + A2f(x2) §  § Amf(x .O  
whenever At _> 0, A2 _> 0, . . . ,  Am >_ 0, A1 + A2 + "'" + Am = 1. 
PROOF. By Theorem 3.5, we know that  f is convex if and only if f (x ) . ( r )  and f (x)*(r)  are all 
convex functions of x for any fixed r 9 [0, 1]. F rom Theorem 4.3 in [3], we have 
f(y).(r) (Al f (Xl) . ( r )  + A2f(xe).(r) +.. .  + Amf(xm).(r), 
f(y)*(r) <_ Al / (x l )*(r )  + A2f(x2)*(r) §  § Amf(xm)*(r), 
where y = Atx l  + A2X2 § " ' "  Jr- ArnXm. 
Hence, one has that  
f (A lx l  + A2x2 +""  + Amxm) = {( f (y ) . ( r ) , f (y )* ( r ) , r ) : r  E [0,1]} 
<_ {(A i f (x l ) . ( r )  + A2f(x2).(r)  + . . .  + Amf(Xm).(r ) ,  
A l f (x l )* ( r )  + A2f(x2)*(r) + ' "  + Amf(x , J * ( r ) , r )  : r E [0, 1]} 
= ~ Ai {( f (x i ) . ( r ) ,  f (x i ) * ( r ) , r ) : r  e [0, 1]} 
i=1 
= A l f (Z l )  +A2f (x2)  + ' "+Amf(xm) .  
The sum A lx l  + A2x2 +. .  9 + AmXm will be cal led a convex combinat ion of Xl, x2 . . . .  , xm if the 
coefficients Ai are all nonnegat ive and Ai + A2 + " -  + Am = 1. For any S C E,  the set consists 
of all the convex combinat ions of the elements of S is cal led convex hull of S and is denoted by 
conv S. 
4. POS IT IVELY  HOMOGENEOUS FUZZY MAPP INGS 
DEFINITION 4.1. A fuzzy mapping f : E --~ Fo is said to be positively homogeneous if for every 
x E E one has 
f (Ax)  = Af(x),  0 < A < +~.  
THEOREM 4.1. Let f : E --~ Fo be a fuzzy mapping, then the following statements are equiva- 
lent. 
(1) f is positively homogeneous; 
(2) ep i f  is a cone in E x Fo; 
(3) f (x ) . ( r )  and f (x)*(r)  are positively homogeneous functions on E for any fixed r E [0, 1]. 
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PROOF. From the definition of fuzzy mapping and operations of fuzzy numbers, it is easy to 
show that f(Ax) and Af(x) are fuzzy numbers. Using the parametric representation of fuzzy 
numbers, one has that 
f(Ax) = {{f(Ax).(r),  f(Az)*(r), r ) : r  E [0, 1]}, 
Af(x) = X {{f(x) . ( r ) , f (x)*( r ) , r ) :  r E [0,1]} 
= {{Af(x).(r),  Af (x)*( r ) , r ) : r  E [0, 1]}. 
Hence, f(Ax) = Af(x) (0 < A < +oe) if and only if 
{{f(Ax).(r) ,  f(Ax)*(r) ,r) :  r E [0, 1]} = {{Af(x) . ( r ) ,A/(x)*(r) , r ) :  r E [0, 1]}. 
Therefore, for any r E [0, 1], we have 
Af(x).(r)  = f(Ax).(r),  Af(z)*(r) = f(Ax)*(r). 
Hence, (1) and (3) are equivalent. 
To show (1) and (2) are also equivalent. 
Assume that f : E --* F0 is positively homogeneous, and let (x, u) E epi f;  that is, f(x) < u. 
Then Af(x) < Au for any A > 0. By f(Ax) = ,~f(x), one has that f(Ax) _ Au. Therefore 
(Ax, Au) E epi f ,  i.e., A(x, u) E epi f;  this leads to the conclusion that epi f is a cone in E x F0. 
Conversely, assume that ep i f  is a cone in E x F0, and let (x,u) E ep i f .  Then (Ax, Au) = 
A(x, u) E epi f for any A > 0. We must have f(Ax) < Au, by taking u = f (x)  E Fo, one has that 
f(Ax) < Af(x). 
Letting Ax = y, from the above we have f (y/A)  _< (1/X)f(y) and hence one has f(x) <_ 
(1/A)f(Ax). Thus, 
Af(x) < f(Ax) 
Therefore f(Ax) = Af(x), that is, f is positively homogeneous. This completes the proof. 
THEOREM 4.2. A positively homogeneous fuzzy mapping f from E to Fo is convex (respectively, 
concave) if and only if 
f (x  + y) <_ (respectively, >_)f(x) + f(y) 
for every x E E, y E E. 
PROOF. Assume that f : E ~ F0 is convex, and let x, y E E. Then 
( ( 1 1 ) )  ( ) 
Conversely, 
f((1 - A)x + Ay) _< f((1 - A)x) + f(Ay) = (1 - A)f(x) + Af(y) 
for all x, y E E and A E [0, 1]. This leads to the conclusion that f is convex. This completes the 
proof. 
COROLLARY. If f is a positively homogeneous convex (respectively, concave) fuzzy mapping, 
then 
f(AlX 1 -/- A2X2 + ' ' "  -1- AmXm) <_ (respectively, >_)Alf(Xl) + A2f(x2) + ' "  + Amf(xm) 
where A1 > O, A2 > O, . . . ,  Am > O. 
EXAMPLE 4.1. A fuzzy mapping 
f(x) = a lx i  + a2x2  + "'" + anXn 
is positively homogeneous, convex, and concave, where al, a2. 9 .a,~ E Fo, x = (xl, x2 ""  xn) E E. 
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5. OPERATIONS OF CONVEX FUZZY MAPP INGS 
There are many operations which preserve the convexity in classical convex analysis (see [14]). 
In this section, the operations of convex fuzzy mappings are introduced. These operations hould 
be useful in the theory of fuzzy extremum problems. 
THEOREM 5.1. (See [8].) If f l , f2 . . . .  , fm are convex (respectively, concave) fuzzy mappings on 
C C_ E, A~ >_ 0 (i = 1,. . .  ,m),  then Alfl + A2f2 + "" + Am fro is a convex (respectively, concave) 
fuzzy mappings on C. 
THEOREM 5.2. Let f be a fuzzy mapping on convex set C C_ E, then f is a convex fuzzy mapping 
if and only if 
r = f((1 - A)x + Ay), x, y 9 C, 
is a convex fuzzy mapping on [0, 1]. 
PROOF. It is easy to show that r is a fuzzy mapping on [0, 1]. Express f (x )  as follows: 
then 
f (x )  = {( f (x ) . ( r ) , f (x )* ( r ) , r )  : r 9 [0, 1]}; 
r = f((1 - A)x + Ay) 
= {(f((1 - A)x + Ay) . ( r ) , f ( (1  - A)x + Ay)*(r) ,r) :  r E [0,1]} 
= {(r  r (r), r) : ~ e [0,11}. 
From Theorem 4.15 in [16], this implies f (x ) . ( r ) ,  f (x)*(r)  (r E [0, 1]) are convex functions 
on C if and only if 
f ( (1 -  A)z + Ay) . ( r ) , f ( (1 -  A)x + Ay)*(r) ( re  [0, 1]) 
are convex functions on [0, 1], that is, r r are convex functions on [0, 1]. From 
Theorem 3.5, we obtain the conclusion that r r are convex functions on [0, 1] if 
and only if r is a convex fuzzy mapping on [0, 1]. This completes the proof. 
In this section, we assume that the infimum (supremum) of the subset of fuzzy numbers is a 
fuzzy number. 
THEOREM 5.3. Let G be any convex set in E x Fo, and let 
f (x )  = inf{u: (x,u) 9 G}. 
Then f is a convex fuzzy mapping. 
PROOF. Letting (x, u), (y, v) 9 G and A 9 [0, 1], we have 
((1 - ~)x  + ~y, (1 - ~)u + ~v))  = (1 - ~) (x ,  u) + ~(y,  v) 9 c .  
This implies that 
f ( (1  - ~)x + :~v) _< (1 - :~)u + :~v, :~ e [0,11, 
whenever f (x )  <_ u, f (y )  <_ v. From Theorem 3.1, f is a convex fuzzy mapping. 
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LEMMA 5.1. Let G and H be two convex sets in E x Fo, then G + H and AG(A > 0) are also 
convex sets in E x Fo, where 
G + H := {(x; u) + (y, v) I (x, u) E G, (y, v) E H}, 
~C := (~(x, ~) I (x, ~) e G) (~ > 0), 
(x, u) + (y, v) := (~ + y, ~ + ~), ~(x, u) := (),~, ~)  (~ > 0), 
where the symbol ":=" means that the expression on the left is defined as equal to the expression 
on the right. 
PROOF. Let (z i, w ~) E G + H, i = 1, 2, and A E (0, 1). Then there exist (x ~, u ~) E G, (y~, v ~) E H 
(i = 1,2), such that z ~ = x i +y~, w i = u i +v  ~ (i = 1,2). One has that 
(1 -- /~) (Z I ,w 1) § .~ (Z2,W 2) : ((1 -- ,~)Z 1 § z~Z 2, (1 - A)w 1 + Aw 2) 
= ((1 --)~) (X 1 §  ..}.~ (x2§  (1 -A)  (u 1 § v 1) § (u2 § 
~-- (1 -- /~) (X 1, U 1) § ~ (X 2, U 2) -[- (1 - A) (y l  v 1) + A (y2, v2). 
By the convexity of G and H, we must have 
(1 - -A ) (X l ,u l )w~(x2 ,  t~2) EG,  (1 -A) (y l ,v l ) §  EH.  
Hence (1 - A)(zl ,w 1) § A(z2,w 2) E G ~- H, that is, G q- H are convex sets in E x F0. 
The next part of the proof can be constructed in a similar manner. This completes the proof. 
Let f ,  g be convex fuzzy mappings on C _c E, then ep i f  and epig are convex subsets in Ex  F0. 
From Lemma 5.1, ep i f  + epig is also a convex subset in E x F0. Apply Theorem 5.3 
h(x) = inf{u : (x,u) E ep i f  + epig} 
is also a convex fuzzy mapping on C. The convex fuzzy mapping h will be denoted by f | g. 
The operation @ is called infimal convolution. 
TItEOREM 5.4. Let f, g be convex fuzzy mappings on C C_ E, then 
( f  Ng) (x)  = inf{f(y) + g(z) :  y ,z  E C, y + z = x}. 
PROOF. Since (x, u) E epi f + epig if and only if there exist (y, v) E epi f and (z, w) E epi g, such 
that 
(x, ~) = (y, v) + (z, w), 
i.e., x = y+ z, u = v+w,  v > f (y)  andw > g(z). By Lemma2.1, we have u = v+w > f (y )+g(z ) .  
It follows that 
Again, 
whenever y + z = x and y,z  E C. 
Hence 
h(x) ~ ( f  |  
f(y) +g(z) ~ h(x) 
( f  | g)(x) ~_ h(x). 
Then one has that 
( f  | g)(x) = inf{f(y) § g(z) : y ,z  E C, y § z = x}. 
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COROLLARY. Let f l ,  f2, . . . , fm be convex fuzzy mappings on convex subset C C_ E, then 
f (x )  = inf{f l (xl)  + f2(x2) + ' "  fm(xrn) : X l ,X2 , . . . ,Xm E C, x l  + x2 +""  + xm = x} 
is a convex fuzzy mappings on C, denote by f l  | f2 | "'" | fro. 
Let f be a convex fuzzy mapping on C C_ E, then epi f is a convex subset ill E x Fo. Prom 
Lemma 5.1, Aep i f  is Mso a convex subset in E x Fo. App ly  Theorem 5.3 
k(x) = inf{u : (x,u) 9 Aepi /}  
is also a convex fuzzy mapping on C. The convex fuzzy mapping k wi11 be denoted by f A. The 
operation is called right scMar multiplication of f .  
THEOREM 5.5. Let f be convex fuzzy mappings on E, A > O, then 
(fA)(x) = AI (A - ix ) .  
PROOF. By the definition of right scalar multiplication of f ,  we have 
(fA)(x) = inf{u : (x ,u)  9 Aepif}.  
Let x = Ay, u = Av, then 
(fA)(z) = inf{Av: (Ay, Av) 9 Aepi f}  = A inf{v: (y,v) 9 ep i f}  = Af(y) = Af (A - ix ) .  
COROLLARY. A fuzzy  mapping f : E ~ Fo is positively homogeneous i f  and only i f  f A = f for 
every A > O. 
PROOF. Assume that fuzzy mapping f : E --* Fo is positively homogeneous, and A > O. Then 
(fA)(x) = Af (A- ix)  = AA- l f (x)  = f (x ) .  
Conversely, assume that fA = f for every A > 0. Then 
f(px) = (f#)(#x) = #f (p-1#x) = #f(x) (# > 0). 
This shows that fuzzy mapping f : E --* F0 is positively homogeneous. 
From Theorem 3.6 in [8], we have the following result. 
THEOREM 5.6. Let {fi(x) : i E T} be an arbitrary collection of convex fuzzy mappings on convex 
set C C_ E. Then 
f (x )  = sup{fi(x) : i 9 T} 
is also convex fuzzy mapping on C. 
Let g : S ~ Fo be a fuzzy mapping (S C E),  and G = conv(epi g). Then G is a convex subset 
in E x Fo. By  Theorem 5.3, f (x )  -- inf{u : (x, u) e G} is a convex fuzzy mapping, f is said to 
be convex hull of fuzzy mapping g; denote it by convg. 
TItEOREM 5.7. Let f is the convex hull of fuzzy mapping g : S ~ Fo (S C_ E).  Then 
f (x )  = inf{Alg(Xl) + A2g(x2) + ' "  + Arng(Xrn): ~lXI ac /~2X2 -Jr-''' -1- )~rnXrn : X}. 
PROOF. Since (x, u) 9 G r (x, u) = ~im 1 Ai(xi, u~) 
= (Alxl + ... + A , :m,X lu l  + ' "  + A,~um) 
where (x~, ui) 9 epig, i.e., g(xi) <_ u~, Eirn=l )~i = 1, /~i ~-- O. 
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Hence, 
f(x) = inf{u: (x,u) 9 G} 
= inf{AlUl + A2u2 + " "  + Amum : AlXl + A2x2 + " "  + AmXm = x}  
= inf{Alg(Xl)  + A2g(x2) + - "  + Amg(Xm) : AlXl + A2x2 + "'" + Amxm = x}. 
Let {f~(x) : i c T} be an arb i t rary collection of convex fuzzy mappings on convex set C C_ E,  
and G = conv([J~eT epi f~). Then G is a convex subset in E x F0. According to Theorem 5.3, 
the fuzzy mapping 
f (x )  = in f{u :  (x ,u)  9 G} 
is convex, f is said to be convex hull of convex fuzzy mappings {f~(x) : i 9 T},  denote it by 
conv{f i (x )  : i 9 T}. 
6. CONCLUSIONS 
In this paper,  we invest igated the operat ions of fuzzy convex mappings  and introduced the 
concepts of posit ively homogeneous,  infimal convolut ion, r ight scalar mult ip l icat ion for convex 
fuzzy mappings,  and convex hull of fuzzy mapping.  The  corresponding theorems for convex 
mappings and posit ively homogeneous fuzzy mappings are also derived. Since the space of fuzzy 
numbers does not const i tute any l inear space, the not ion of 'conjugate mapping '  for convex fuzzy 
mapping in the usual manner  cannot be established. A l though Wang and Wu [15] introduced 
the concepts of direct ional  derivative, differential and subdifferential  of fuzzy mappings from E 
to F0, few appl icat ions to fuzzy programming have appeared.  Because fuzzy convex analysis will 
play a key role in fuzzy decision-making, the relat ionships between fuzzy convex analysis and 
fuzzy opt imizat ion will be explored in our future research. 
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